We consider a queuing network with M exponential service stations and with N customers. We study the behavior of a subsystem u, which has a single node as input and a single node as output, when the subsystem parameters are varied. An "equivalent" network is constructed in which all queues except those in subsystem u are replaced by a single composite queue. We show that for certain classes of system parameters, the behavior of subsystem u in the equivalent network is the same as in the given network. The analogy to Norton's theorem in electrical circuit theory is demonstrated. In addition, the equivalent network analysis can be applied to open exponential networks.
Introduction
Queuing models are widely used to analyze and design a variety of systems. These models are generally used to study the variation of certain system parameters such as response time as a function of the network structure and service times. In this paper, the authors determine a relationship that exists between some queuing networks and electrical networks, with customers and throughput (rate of flow of customers) being analogous to electrical charge and electrical current, respectively. The authors show how to directly apply some methods from electrical circuit theory, in particular Norton's theorem [ 11, to queuing networks.
Consider an electrical circuit consisting of batteries and resistors, Fig. 1 . T o study the behavior of a subsystem u between terminals 1 and 2 of Fig. 1 as the subsystem parameters are varied, construct an "equivalent" circuit in which all the components of the given circuit, except those of subsystem u, are replaced by a single current source and a parallel internal resistance, Fig. 2 . The value of the current source is set equal to the current flowing between terminals 1 and 2 when subsystem u 
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WOO is replaced by a "short," Fig. 3 , and the value of the internal resistance is determined by the open circuit voltage. The behavior of subsystem u in the equivalent circuit is the same as in the given circuit. This is referred to as Norton's theorem [ 11. The analysis of the equivalent circuit requires less computation than the analysis of the original circuit; sensitivity analysis may hence be efficiently carried out on the equivalent circuit.
Consider a closed queuing network with N customers. We study the behavior of subsystem u between terminals 1 and 2, as the subsystem parameters are varied, Fig. 4 . Construct an equivalent network in which all the queues, except those in subsystem u, are replaced by a single composite queue, Fig. 5 . Let T ( n ) be the service rate for the composite queue when n is the number of customers waiting for or being served at this queue ( n = 0, 1; . ., N ) . Set T ( n ) equal to the rate at which customers pass (throughput) between terminals 1 and 2, when there are n customers in the given network and when subsystem u is replaced by a "short," i.e., when the service times of all the servers in subsystem u are set to zero, Fig. 6 . The behavior of subsystem u in the equivalent network is the same as in the given network. Although there does not exist a strict correspondence to internal resistance in the queuing network, the concept of flow rate and the shortening of the subsystem suggests an approach analogous to Norton's theorem in circuit theory. Therefore, we shall refer to it as Norton's theorem for queuing networks.
In this paper we show that Norton's theorem does hold for certain classes of queuing networks that obey local balance [2, 31; however, the theorem does not Example Consider the central-server model shown in Fig. 7 in which all service times are independent exponential random variables [5] . We investigate the CPU's throughput, queue length and queue time distributions as the CPU service time is varied. We determine the throughput through the network when the CPU service time is reduced to zero, Fig. 8 , and when there are n customers in the system, n = 0, 1; . ., N . The throughputs as a function of the level of multiprogramming are shown in the table in Fig. 8 . The equivalent network is shown in Fig. 9 . The behavior of the CPU in the equivalent network of Fig. 9 is the same as in Fig. 7 .
Joint probability distribution
We restrict our attention to the class of closed queuing models with exponential servers studied by Gordon and Newell [ 41. Let ,there be M queues in the network, which are indexed 1, 2 , . ' ., M , and N customers. The service rate for the ith queue when there are k customers in the queue is Ui(k), where i = 1 ; . ., M and k = 1; . ., N . The service discipline for all servers is first come, first served. When a customer has been served in queue i he joins queue j with probability p i j independent of the current r _ " " " be the probability that the system is in state (n1; . ., nMM) , which is assumed to be a feasible state. Gordon and
showed that P(n,, ..., n M ) may be expressed by
where
and G is a normalizing constant. The quantities xi( n i ) are defined recursively as follows:
with yi, We briefly review some of the computational techniques developed by Buzen [ 51. We define a "convolu- 
Let G , ( r ) represent the rth element of Gi, r = 0 , 1; . ., N.
From the definition of convolution it follows that
Gi(r) = g(n,, . . ., ni, 0,. . ., 01,
w h e r e 9 = { ( n i + . . . + n i = r } .
w
Therefore the normalizing factor C in equation ( 1 ) is equal to G,( N ) . 38
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Marginal probability distribution
Let P,(n) be the marginal probability that there are n customers in queue i. Let us restrict our attention to queue M . Note that
Summing over all the states in which there are n customers in queue M we get
The marginal probability for any given queue can be obtained by renumbering the queues so that the given queue is indexed M .
Throughput
Let Fi be the throughput of queue i, i.e.; the rate at which customers get serviced and leave the queue:
From equations (IO), (1 1 ) and (12)
Queue length distribution at arrival Let Q i ( n ) be the probability that an arriving customer at queue i finds himself in the nth place in the queue. We now compute Q,(n) for n = 1 , . . ., N as follows: Let the states Si and S be represented by the tuples (n,; . ., ni + 1 , rate at which the system transits from state Si to state S when a customer arrives at queue M after being served by the i server is . . . , n.w -1) and (n1; . ., ni; . ., nM) , respectively. The net 
Note: For simplicity, p M M is assumed to be zero; however, the same method can be applied to thegeneral cases where pMM # 0.
During a long time interval T , the number of transitions 
where the summation is over all the states, and therefore p i s proportional to r , ( S ) . Let r,(n) be the total net rate at which the number of customers in queue M is increased from n -1 to n. 
) / G l G,-,(N-n)
, t'
for n = l ; . . , N .
( 1 7 )
we obtain Q,(n).
Norton's theorem for queuing networks
Closed networks Consider the closed network of M queues of the last
I
queue M as a function of the service rate parameter. We construct an equivalent network consisting of queue M and a composite queue with service rate T ( n ) ; n is the number of customers in the composite queue, n = 0, 1 , . . ., N . Set T ( n ) equal to the throughput of queue M when there are n customers in the given network and the service time for queue M is reduced to zero. Let P L ( n ) be I section. We determine the queue length distribution for 
T ( N ) = Y , G,-,(N -1 ) / G M -l ( N ) . ( 1 9 )
Similarly,
T ( n ) = Y , G , _ , ( n -l ) / G M -l ( n ) j n = I , . . . , N . (20)
Substituting (20) in ( 1 8 ) we find that P k ( n ) is directly proportional to the marginal probability of the queue length of M in the equivalent network. work. In other words, P $ ( n ) = P,(n) for n = 0, l ; . . , N . i
Proof From Eqs.
( 1 ) , ( 2 ) and (3) it follows that the But from ( I O ) , probability P L ( n ) of N -n customers in the composite queue and n customers in queue M in the equivalent net-P,(n) 0~ x,(n) G M -l ( N -n ) for n = 0, 1 ; . ., N . Fig. 1 1. Let T be the rate at which customers are generated by the composite Poisson source; T is set equal to the throughput of subsystem u in the given network when the service times of all queues in the subsystem are reduced to zero. The queue length distributions for all queues in subsystem u in the equivalent network are the same as in the given network. This is stated without proof since the arguments are very similar to those invoked in the case of closed networks. The service rate T ( n ) for the composite queue, when there are n customers in it, is set equal to the throughput of queue i in the original network when there are n customers in it and when the mean service time of queue i is reduced to zero. The queuf length and queue time distributions of queue i in the equivalent network are the same as in the given network. This follows from Theorems 1 and 2 and the Corollary by renumbering the queues so that queue i is renumbered M .
From the above discussion we can conclude that Norton's theorem holds for closed networks when the subsystem CT is a single queue. The proof for the general case follows the same line and is omitted.
Open networks
Consider an open queuing network consisting of servers with exponential service times and Poisson arrivals (Fig.  10) for which equilibrium conditions exist, Let subsystem u consist of one or more queues of the given net- 
Networks which satisfy local balance
We extend the results of the previous section to a class of networks which satisfy local balance [2, 31. We restrict our attention to this class of networks because they form a natural extension, for investigation, to networks studied by Gordon and Newel1 [ 41.
In the following we discuss the general queuing networks in which customers from more than one class are being served. In order to be specific about the class of customers being served we have to introduce the term stage of service. Stage of service is defined as the ordered-pair server-class. Stage (i, j ) implies that server i is serving customers of class j .
From Markov process analysis we know that the number of states and the complexity of the balance equations increase rapidly with the complexity of the queuing networks. In the analysis of networks which satisfy local balance, the problem can be partitioned into stages and the computation is greatly simplified [ 2, 3] .
Basically, networks are said to satisfy local balance if the rate of flow into a state caused by customers entering a stage of service is equal to the rate of flow out of this state caused by customers leaving this stage of service.
Many networks fall into this category. Chandy et al. [3] show that for networks which satisfy local balance, the steady state probability has the product form of Eq. (27). 
where q0 is an array containing all zero elements except for go( 0 , . . ., 0) = 1.
Recall that {niu} is a matrix. Analagous to the expression for the single class problem as shown in Eq. 
It can be shown that Norton's theorem holds for the class of networks which satisfy local balance, using an approach identical to that of the previous section. In an open network, all the queues in the system, except in the subsystem under consideration, are replaced by a single composite Poisson source which generates customers of all classes, where each class is generated independently. The rate at which the composite source generates customers of class u is set equal to the throughput of customers of class u through the short of the subsystem under consideration.
